Chuyén dé 8:

LUQNG GIAC

TOM TATGIAO KHOA
A.KIEN THUC CO BAN:
I. Pon vi do goc va cung:
1. Do: 180°
, 1 . £
Go6c 1O =_—_odcbet 3
180 8°°°¢H| y O
2. Radian: (rad)
1800 = rad
3. Bang ddi do sang rad va ngudc lai ciia mot sé goc (cung ) thong dung:
Po 0° 30° 45° 60° 90° 120° 135° 150° 180° 360°
Radian| O 3 z 3 z 2z 3 S Vs 27
6 4 3 2 3 4 6

II. Goc lugng giac & cung lugng giac:

1. Pinh nghia:

y (tia ngon)

A

(Ox,0y)=a+k2z (ke 2)

2. Puong tron lugng giac:

X . =z
(tia goc)

So do ctia mét sé cung luwgng gidc dic biét:

O O W >

AC
B,D

\J

NN

2k

T
7+2k7r

T+ 2K

-T2k

2
kr

T
7+k7z
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I11. Pinh nghia ham s§ lugng gidc: B

u i
1. Pudng tron lugng giac: \ \r
e A:di€m goc -1/ R=1n 1

e xOx : truc cosin ( truc hoanh ) X' C O A

° y'Oy struc sin  ( truc tung )

o (At : truc tang 1D /—
e uBu:truc cotang

2. Pinh nghia c4dc ham sé lugng gidc:
a. Dinh nghia: Trén dudng tron lugng gidc cho AM=« .
Goi P, Q 1an lugt 12 hinh chi€u vudng géc ciia M trén x Ox va y Oy
T, U lan lugt 1a giao diém cia tia OM véi tAt va uBu
Ta dinh nghia: y t

t
Trucsin 7~ > T
’ /\ ruc cotang

u’ B U y
Q T >+ cosa = OP
t a S
u 2l X sina = 0Q
X' O P i
/A / A > tea = AT
Truc cosin 1 cotga = BU

v~ Truc tang
1 t|

b. Céc tinh chéit :

e VE&imoi o tachd:
—1<sina <1 hay |sina| <1

—1<cosa <1 hay |cosa|£1
e tga xdc dinh Va¢%+k7r

e cotga xdc dinh Va # kx

c. Tinh tuin hoan

sin( +k2r) =sina
cos(a+k2x) =cosa

(ke2z)
tigla+kr) = tga

cotg(a+krm) =cotga
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IV. Gi4 tri cdc ham sb lugng gidc cia cic cung (gbc ) diic biét:

Ta nén st dung dudng tron lugng gidc d€ ghi nhé cédc gid tri dic biét

A

y ¢t
3
\/3 -1 -\/3/3 B| =2 \/5/3 1 \/3 IR
u’ 2n/ 1 & u
3n/4 ﬁ/z o
§ ﬁ/z /6
5n/6 \ " / Jan
\ / +
x' Tl f32 |-V22| -2 VAN R A (Piém goc) X
- 0O o
-1/2 \ \/— >_
-/ 3/3
-*/;/2 \ -1t/
—w/g/2 -1t/
-1 -nt/3 -1
-1t/2
yl t! '\/g
Géc | 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180° | 360°
O |z |z |z |z |2z | 3% | 5 | 7z |2z
Hslg 6 4 3 | 2 3 4 6
sine | 0 | 1 [ 2|31 |43 V2 1 0| 0
2 2 2 2 2 2
cosa | 1 | 3|42 |1 o | 1 J2 | 3] -1 1
2 2 |2 2 2 2
tga 0 [J3 | I |43 |kxd| -3 | -1 J3 | o 0
3 3
cotgar | kxd | {3 | 1 |3 0 J3 | -1 | =3 | kxd | kxd
3 3
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V. Ham s6 lugng gidc cia cdc cung (gc) cé lién quan diic biét:

Do la cac cung :

1. Cung d6i nhau

2. Cung bu nhau

Tava-a

cavaT-o

(tdng bing 0)

(tong bing 7)

3. Cung phu nhau : a va %—a (tdng bing %)

4. Cung hon kém

5.Cunghonkém 7 _: avar+a

1. Cung d6i nhau:

V4
— rava
2

cos(—a) =cosa
sin(—) =-sina
tg(-a) =-tgx

cot g(—a) =—cot g

3. Cung phu nhau :

V4 )
COS(E —a) =sina

. T
sm(; —a) =cosa

T
tg(E -a) =cotga

T
cot g(E— a)=tga

5. Cung hon kém L

cos(r+a) =-cosa
sin(r+a) =-sina
igr+a) = tga
cotg(r+a)= cotga

. T

boi cos

Phu chéo

Hon kém =«

+a

Bu sin

Hon kém %

sin biing cos
cos bing trir sin

tang , cotang
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T T

vVd: —&— ...
( 5 5 )
va: T& %
6 6
T T
Vd: —&—,.
( 5 &3 )
(Vd: 7 &?"
6 3
(Vd: 1&7—”,...)
6 6

2. Cung bu nhau :

cos(r—a) =-cosa
sin(zr—a) = sina
tg(r—a) =-tga

cotg(r—a)=—cotga

4. Cung hon kém %
cos(% +a) =-sina
sin(% +a) =cosa

V4
tg(E +a) =-—cotga
cotg(%+a) =—tga




Vi du 1: Tinh cos(—%), tg 271”

Vi du 2: Riit gon biéu thitc: A= cos(% + X) + €0S(27 — X) + cos(37 + X)

VI. Cong thic lugng giac:
1. Cdc hé thdc co ban:

2
. 1+ tg°a =
cos’a +sin® a =1 & cosZa
sin 5
tgea = 1+ cotg”a = —
cos sin” o
cosa tga . cotga =1
cotga = — & &
sing

Vi du: Ching minh ring:
1. cos*x+sin* x =1-2sin’ xcos® x
2. c0s® x +sin® x =1-3sin® xcos® x
2. Cong thi'c cong :

cos(a+ f) =cosa.cos f—sina.sin
cos(a — f}) =cosa.cos f+sina.sin S
sin(a + ) =sina.cos f+sin f.cosa

sin(a — f) =sina.cos ff —sin f.cosa

tga+t
tg(a+f) = L eh
1-tga.tgfp

tgo—t
1+1ga.tgf

Vi du: Chitng minh ring:

1.cosa+sina=\/500s(a—%)

) V4
2.cosa—sina =+2 cos(a+—)

3. Cong thiic nhéin doi:

2 1+cos2a
Cos“ a = —

cos2a = cos’ a —sin’ a

=2cos’a—1

=1-2sin’«a

_— 1-cos2a
sin“ a =—

=costa —sin* a

sin2a =2sina.cosa

/

2
1820 = 18a

l—tgza

. 1.
SiInacosa = Esm 2c
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4 Cong thic nhan ba:

cos3a =4co0s’ a —3cosa

3 cos3a + 3CoS
cos’ a = 2

sin3a =3sina —4sin*

3 3sina —sin 3
sin“a =

5. Cong thic ha bac: 4
9 1+cos2a . . , 1-cos2a . 2 1-cos2a
cos“ag=———; sina="—-—; tQ°a="—"-—"—
2 2 1+cos2a
6.Cong thifc tinh Sin «,COS, g _theo t =tg %
sina = 21 cosa—l_tz' tga = 2
1+ 1+7*° 1-7

7. Cong thitc bi€n ddi tich thanh téng :

cosa.cos ff = %[cos(a + )+ cos(a — ﬂ)]
sin.sin ff = %[cos(a — f)—cos(a+ ,3)]

sina.cos B = %[sin(a + ) +sin(a— )]

Vidu:
1. Bi€n ddi thanh tdng bi€u thitc: A = cos5x.c0s 3X

S5z 1

2. Tinh gid tri clia biéu thic: B =cos——sin—
12 12

8. Cong thitc bi€n ddi tong thanh tich :

a+’8.cosa_ﬂ
2
a+'8.sina_ﬁ

cosa+cos f=2cos

cosa —cos ff =—2sin

sina +sin #=2sin

2
OH_ﬂ.cosa_ﬂ

2
p

2
. . + . -
sma—smﬂchosa ﬂ.sma
2 2
in(o +

[ga-}-tgﬁzw
cosacos f
[ga—tgﬁzw
cosacos
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Vidu: Bi€n d6i thanh tich bi€u thitc: A =sin x +sin 2x + sin 3x
9. Cac cong thic thuong dung khac:

. . . 3+ cos4
cosa +sina = 2cos(a—%)=\/§sm(a+%) COS4a+S|n4a:Ta

. . . 5+3cos4
cosa—sina = 2005(a+%)=—\/581n(0{—%) C056a+8|n6a:Ta

B. PHUONG TRINH LUQGNG GIAC
Céc bugc giai mot phuong trinh luwgng giac
Buéc 1: Tim diéu kién (n€u c6) cia 4n s6 d€ hai v€ clia pt c6 nghia
Budc 2: St dung cic phép bién ddi tuong duong d€ bién d6i pt d€n mot pt da bié't cach giai
Bude 3: Giai pt va chon nghiém phi hdp ( néu cé)
Buéc 4: K&t luan
I. Pinh 1y ¢d ban: ( Quan trong )

. . u=v+k2z
sinu=sinv <
u=rz-v+k2rz
u=v+k2rz
cosu=cosv = <
u=-v+k27
Ve
tgu=tgv < u=v+krw (u;v # 5+ k)
cotgu=cotgv < u=v+krw (w;vkr)
(u; v1a cdc bi€u thic chtta dnva ke Z)

Vi du : Giai phuong trinh:

1. sin3x =sin(Z-2x) 2. cos(x-") =cosE
4 4 4
3. €0s3x =sin 2x 4. sin4x+cos4x=%(3—cos6x)

I1. Cédc phuong trinh luwgng gidc co ban:
1. Dang 1: sinx=m ; cosx=m ;tgx=m ; cotgx=m (VmeR)

*Gpt: sinx=m (1)

e N&u |m|>1 thipt(1) vo nghiém
e Néu |m| <1 thitaditm=sina vatacd
i i x=a+k2rx
(1) < sinx=sina <
Xx=(r-a)+k2rx

*Gpt: cosx=m (2)
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e N&u |m|>1 thi pt(2) vO nghiém

e N&u |m|<1 thitaditm=cos S va tacé

x= pf+k27
x=—-p+k2r
* Gpt: tgx=m (3) ( pt ludn c6 nghiém Vme R)

(2) <& cosx=cosff < [

e Ditm=tgy thi
3) o tgx=tgy < x=y+kr

* Gpt: cotgx=m (4) ( pt ludn c6 nghiém Vme R)

e Ditm=cotgd thi
(4) < cotgx=cotgd < x=o0+krx

Cac truong hgp dac biét:

sinx=-1 < x = —%+k27z
sinx=0 < x=kx
sinx =1 & X =§+k27z

cosx=—-1 < X =n+k2x

s
cosx=0 <& x 5+k7z

cosx=1 < x=k2x

Vidu:

1) Gidi cdc phuong trinh :

. 1 T V2
a) sin2x =§ b) cos(x—z) = —7
) 25in(2x—%)+ﬁ:o d) 2003(x+%)—\/§:0
e) sin2x +cos2x =1 f) cos® x+sin* x = cos2x
2) Giai cac phuong trinh:
a) 1+cos* x—sin® x=2cos2x c) 4(sin® x +cos* x) +sin4x-2=0
b) sin® x+cos® x =cos4x d) sin® x.cosx —cos® x.sinx = 7

e) cot gx +sin x(1+tgx.tg g) =4
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2. Dang 2:

Ciéch gidi:

asin® x +bsinx+c=0
acos’ x+bcosx+c=0
(a#0)
2 _
atg"x+btgx+c =0

acotg2x+bcotgx+c=0

Pitdnphu:t=sinx (t=cosx; t=tgx; t=cotgx)

Ta dugc phuong trinh : ar> +bt+c=0 (1)

Gidi phuong trinh (1) tim t, roi suy ra x

Chi ¥ : Phai dit diéu kién thich hgp cho 4n phu (néu c6)

Vidu :

3. Dang 3:

Cich giai:

a) 2cos? x+5sinx—4=0 b) cos2x—4cosx+%:0
c) 2sin’ x =4+5cosx d) 2cosxcos2x =1+cos2x+cos3x
. 4 4 . 1 -4 4 T
e) sin” x+cos x:sm2x—§ f) 2(sin” x+cos x)—cos(E—Zx):O
g)sm4§+an4§=1—2ﬁnx h) sin® x+cos* x+sinx.cosx =0
6 - 6 _ - -
K 2(cos” x +sin” x) 9nxamx:0 1)5@MX+C%3Xf$n$S:cm2x+3
V2 = 2sinx 1+ 2sin 2x
acosx+bsinx=c (1) (a;b=0)

Chia hai v& ctia phuong trinh cho va” +5b* thi pt

1) e Lcosxﬁthinx—; 2)
\/a2+b2 \/a2+b2 \/az+b2
. a R b ) .. .
it ———==cosa vd ———==sina v6i a €[0;27)thi:

\/a2 +b? a’+b?

) ) c
(2) < cosx.cosa + sinx.singg = ——
va? +b?
c
& cos(X-a) = —— 3)
a’ +b°

Pt (3) ¢6 dang 1. Giai pt (3) tim x.




Pt acosx + bsinx =c¢ ¢é nghiém < a’+b’>c?

Vi du : Gidi cdc phuong trinh :
a) cosx+\/§sinx =-1

b) cosX ++/3sinx =+/2

d. Dang 4:

¢) 4(sin* x +cos* x)++/3sin4x =2 d) tgx—3 = ——
COS X
COS X —Sin 2x Ne
=4/3
2c0s? x—sinx—1
asin® x + bsin x.cos x +ccos® x =0 (a;c=0) (1)

Céch gidi 1:

Ap dung cong thic ha bac : sin” x =

5 l1-cos2x
————— va cos“x=

5 1+cos2x
2

1 . .
va cong thic nhan dbi : sinx.cosx =5sin 2x thay vao (1) ta s& bi€én doi pt (1) vé dang 3

Cach gidi 2: ( Quy vé pt theo tang hoic cotang )

Chia hai v& ctia pt (1) cho cos’ x ta dudgc pt:
atgzx +btgx+c=0
Pay 1a pt dang 2 da biét cach gidi

Chii ¥: Trudc khi chia phdi ki€m tra xem x :g+ km ¢6 phai la nghiém cua (1) khong?

Vi du : Giai phuong trinh:

V3sin? x+ (1—+/3)sin x.cos X —cos? X +1—+/3 =0

d. Dang 5:
a(cosx+sinx)+bsinx.cosx+c=0

(1)

Céch gidi :

e Thay vao (1) ta dugc phuong trinh :

-1

at+b +c=0 (2)

e Ditr=cosx+sinx= 2cos(x—%) véi V2 <1<2

. 2 . .
Do (cosx+sinx)” =1+2sinx.cosx = SINX.COSX=

t? -1
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e Gii(2) im t. Chon tthda diéu kién réi gidi pt: /2 cos(x —%) =¢ tim X.

Vi du : Gidi phuong trinh :
sin 2x —2+/2(sin x + cos x) =5 =0

2,

Chay: Ta gidituong tu cho ptcé dang: a(cosx —sinx)+bsinx.cosx+c=0

Vi du : Giai phuong trinh :
sin2x+4(cosx—sinx)=4
4. Cac phucng phap gidi phuong trinh lwgng gidc thudng sit dung :

a. Phuong phap 1: Bién ddi pt da cho vé mot trong cic dang pt lugng gidc co ban da biét
Vi du: Gidi phuong trinh:

. ) 3
3|n4x+cos4x+sm2x—5:0

b. Phuong phap 2: Bién ddi pt di cho vé dang tich s¢
Co sd ctia phuong phép 1a dva vao cdc dinh 1y sau day:
A=0
A=0
AB=0 < B=0 hodc ABC=0 < |B=0
- C=0
Vi du : Gidi cdc phuong trinh :
a. sin® x +sin® 2x +sin 3x =2 b. sin? 3x —cos® 4x = sin® 5x — cos” 6x
c. 2sin’ x+cos2x—cosx =0 d. sin2x + 2+/2 cos x + 2sin(x +%) +3=0
c. Phudng phép 3: Bién ddi pt vé dang c6 thé d:it 4n sé phu

Mot s6 dau hiéu nhan biét :
* Phuong trinh chita cing mot mét ham sé lugng gidc ( cing cung khac lity thira)

Vi du : Gidi cdc phuong trinh :
a. C0S3X+cos2x—cosx—-1=0
b. 4c0s® X —cos2x —4cosx+1=0

c. 2cos2x—8cosx+7=

cosx
d. sin® x +cos? 2x = 2
* Phuong trinh c6 chita (cosx +sinx) va sinx.cosx

. e N . 3.
Vidu : Giai phuong trinh :  a. 1+ sin® x +cos’ x = Esm 2x

b. sin® x + cos® x = 2(sin x + cos x) —1
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BAITAP REN LUYEN
DANG 1: Gidi phuong trinh lugng gidc
St dung 1 trong 3 phudng phap sau
e Bié&n ddi phuong trinh vé dang phudng trinh lugng gidc cd ban
e Bién ddi phuong trinh vé dang phuong trinh tich s&
e Bié&n ddi phuong trinh vé dang c6 thé dit 4n sd phu chuyén vé phuong trinh dai s&
Bai 1: Giai cdc phudng trinh lugng gidc sau

1) sin2x + 2+/2 cos x + 2sin(x +%) +3=0 2) sin7—2Xc053—X+sin 5cosg +sin2xcos7x=0
3) cosz(x+%) +c0s” (2x +%) +cosz(3x—%) = \/§.COS%

cos* X —sin* X
2 2 1l4sin2x

4) 5) €c0S7x +sin8x = cos3x —sin 2x

sin2x 2$in2(x+%)

6) 2sinx+cosx =sin2x+1

Bai 2 : Giai cac phuong trinh lugng gidc sau

1.2sin’ x+cos2x+cosx =0 8. sinz(%—%).tgzx—coszgzo
2
-1
2. sinx.cosdx—sin’ 2x = 4sin*(Z— Xy -1 g, COS X(COSY=D) 5y, gin)
4 2 2 sin x + CoS x
) . 1 .
3. 9sinx+6cosx—3sin2x+cos2x =8 10. tg2x—tgx=§cosx.sm3x

. 4 4
sin"x+cos x 1

- =—cot g2x —— 11. 2cos2x—8cosx+7=
Ssin2x 2 8sin2x COS X
.2 .
5. tgtxs1= 2750 24X)S‘n3x 12, cotgr—1="%2%  gin y—Linox
cos” x 1+1gx
6. 3—1gx(tgx+2sinx)+6cosx=0 13. cotgx—tgx+4sin2x =—
sin2x
7. cos2x+cosx.(2tg’x—1)=2 14. tgx+cosx—cos’ x =sinx.(1+ tgx.tg%)

DANG 2: Phuong trinh lugng gidc ¢6 chita tham s6
St dung phudng phap sau
e Chon &n phu thich hdp va tim diéu kién ding cho 4n phu vira chon (tiy thudc vao x)
e Chuyén phuong trinh vé phuong trinh dai s&
e Lap luan d€ chuyén bai todn di cho theo 4n phu vira chon
e St dung phuong phap gidi tich hoic dai s& dé tim tham s theo yéu ciu ctia dé bai
Bai 1: Tim m d€ phuong trinh sau c6 nghiém:

] 1.
sm“x+cos4x—cost+Zsm22x+m:O

Bai2: Pinh m d€ phuong trinh : sin x+cosx+1+£(tgx+cot gx+_i+i) =m
2 sinX  COSX
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c6 nghiém X (O;%)

4
cos? x

Bai3: Choham sd: 2( +C0s” X) + m(i—cos x)=1
COS X

Tim m dé phuong trinh ¢6 nghiém thudc (0;%).

Bai4: Cho phuong trinh : +3tg°x + m(tgx + cotgx) —1=0

sin’ x
Tim ti't c4 cdc gi4 tri cia m dé€ phuong trinh c6 nghiém.
Bai5: Xéc dinh m &€ phuong trinh :

2(sin4 x +cos™ X)+cos4x+2sin2x—m =0

. e . T
¢6 it nhat mot nghiém thudc doan [();5]

=
<-4
=0
=)

Cho phuong trinh : sin2x—4(cosx—sinx) =m (1)

Tim ti't c4 cdc gi4 tri cia m dé phuong trinh (1) c6 nghiém.
Bai7: Tim m dé phuong trinh : 4(sin4 X +cos* X) —4(sin6 x +cos® X)— sin?4x =m ¢6 nghiém.

Bai 8: Cho phuong trinh cos4x+6sinxcosx—m=0

DPinh m d€ phuong trinh c6 nghiém x e [0;%} .

Bai9: Tim m d€ phuong trinh : 2¢0S 2X + (Sin X.cos X — m)(sin X + cos x) = 0

¢6 nghiém trén doan {0;%}

cos® x +sin® x
cos? x —sin? x
Vi gid tri nao cia m thi phuong trinh ¢6 nghiém

Bai 11: Cho phuong trinh: sin® x + (sinx-1)* =m

Bai 10: Cho phuong trinh: = mtgx

Vi gid tri nao cia m thi phudng trinh ¢6 nghiém

Bai 12: Tim m d€ phuong trinh : 2+2sin2x = m(1+cosx)’ c6 nghiém x € [—g;g]
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